Abstract. For Lorentzian 2-manifolds (Σ 1 , g 1 ) and (Σ 2 , g 2 ) we consider the two product para-Kähler structures (G ǫ , J, Ω ǫ ) defined on the product four manifold Σ 1 × Σ 2 , with ǫ = ±1. We show that the metric G ǫ is locally conformally flat (resp. Einstein) if and only if the Gauss curvatures κ 1 , κ 2 of g 1 , g 2 , respectively, are both constants satisfying κ 1 = −ǫκ 2 (resp. κ 1 = ǫκ 2 ). We give the conditions on the Gauss curvatures for which every Lagrangian surface with parallel mean curvature vector is the product γ 1 × γ 2 ⊂ Σ 1 ×Σ 2 , where γ 1 and γ 2 are curves of constant curvature. We study Lagrangian surfaces in the product dS 2 × dS 2 with non null parallel mean curvature vector and finally, we explore the stability and Hamiltonian stability of certain minimal Lagrangian surfaces and H-minimal surfaces.
Introduction
This article is a continuation of our previous work [8] on which we have studied minimal Lagrangian surfaces in the Kähler structures endowed in the product Σ 1 × Σ 2 of Riemannian two manifolds. Here, we consider again the product structure Σ 1 × Σ 2 , where (Σ 1 , g 1 ) and (Σ 2 , g 2 ) are Lorentzian surfaces. By Lorentz surface we mean a connected, orientable 2-manifold Σ endowed with a metric g of indefinite signature. Analogously with the Riemannian case, we may construct a para-Kähler structure (g, j, ω) on a Lorentzian surface (Σ, g). We recall that a para-Kähler structure is a pair (g, j) defined on a manifold M of even dimension and has the same properties than a Kähler one, except that j is paracomplex structure rather than complex, i.e, we have j 2 = Id and is integrable, by meaning that the Nijenhuis tensor, vanishes. Moreover, the compatibilty condition of the metric g with the paracomplex structure j becomes g(j., j.) = −g(., .). The symplectic structure ω can be defined by ω(., .) = g(j., .). For Lorentzian surfaces (Σ 1 , g 1 ) and (Σ 2 , g 2 ), we denote by κ 1 and κ 2 the Gauss curvatures of g 1 and g 2 , respectively. For ǫ ∈ {−1, 1}, we may define an almost para-Kähler structure (G ǫ , Ω ǫ , J) on the product Σ 1 × Σ 2 where G ǫ is the para-Kähler metric, the endomorphism J is an almost paracomplex structure and Ω ǫ is the symplectic 2-form. This structure will be described in Section 2 and in particular we prove: Theorem 1. If (Σ 1 , g 1 ) and (Σ 2 , g 2 ) are Lorentzian two manifolds, the quadruples (Σ 1 × Σ 2 , G ǫ , J, Ω ǫ ) are 4-dimensional para-Kähler structures. Furthermore, the para-Kähler metric G ǫ is conformally flat (resp. Einstein) if and only if the Gauss curvatures κ 1 and κ 2 are constants with κ 1 = −ǫκ 2 (resp. κ 1 = ǫκ 2 ).
In Section 3 we study the surface theory of the para-Kähler structures constructed in Section 2. An analogous result with Theorem 3 of [8] 
Minimality is the first order condition for a submanifold to be volume-extremizing in its homology class. Minimal submanifolds that are local extremizers of the volume are called stable minimal submanifolds. The stability of a minimal submanifold is determined by the monotonicity of the second variation of the volume functional. The second order condition for a minimal submanifold to be volume-extremizing was first derived by Simons [12] and then Harvey while Lawson have proven that minimal Lagrangian submanifolds of a CalabiYau manifold is calibrated, which implies by Stokes theorem, that are volume-extremizing [9] . For the stability of minimal Lagrangian surface in ( A Lagrangian submanifold Σ of a (para-) Kähler manifold is said to be Hamiltonian minimal (or H-minimal ) if it is a critical point of the volume functional with respect to Hamiltonian variations. A H-minimal Lagrangian submanifold is characterized by the fact that its mean curvature vector is divergence-free, that is, divJH = 0, where J is the (para-) complex structure and H is the mean curvature vector of Σ. If the second variation of the volume functional of a H-minimal submanifold is monotone for any Hamiltonian compactly supported variation, it is said to be Hamiltonian stable (or H-stable). In [10] and [11] , the second variation formula of a H-minimal submanifold has been derived in the case of a Kähler manifold, while for the pseudo-Kähler case it has been given in [4] . The next theorem, in Section 4, investigates the H-stability of projected rank one Hamiltonian G ǫ -minimal surfaces in Σ 1 × Σ 2 : 
The Product para-Kähler structure
Let (Σ, g) be a two dimensional oriented manifold endowed with a non degenerate Lorentzian metric g. Then in a neighbourhood of any point there exist local isothermic coordinates (s, t), i.e., g ss = −g tt and g st = 0 (see [2] ). The endomorphism j : TΣ → TΣ defined by j(∂/∂s) = ∂/∂t and j(∂/∂t) = ∂/∂s, satisfies j 2 = Id T Σ and g(j., j.) = −g(., .). It follows that j defines a paracomplex structure and if we set ω(·, ·) = g(j k ·, ·), the quadruple (Σ, g, j, ω) is a 2-dimensional para-Kähler manifold.
For k = 1, 2, let (Σ k , g k , j k , ω k ) be the para-Kähler structures defined as before, and consider the product structure
, where ǫ ∈ {−1, 1}. If ∇ denotes the Levi-Civita connection with respect to the metric
denote the Levi-Civita connections with respect to the metrics g 1 and g 2 , respectively. The endomorphism J ∈ End(TΣ 1 ⊕ TΣ 2 ) defined by J = j 1 ⊕ j 2 is an almost paracomplex structure on Σ 1 × Σ 2 , while the two-forms
is the i-th projection. Proof of Theorem 1: It is clear that the Nijenhuis tensor of J given by (1.1) vanishes. Furthermore, J and Ω ǫ are compatible, i.e., Ω ǫ (J., J.) = −Ω ǫ (., .) and thus the quadruples
are para-Kähler structures. Let (e 1 , e 2 ) and (v 1 , v 2 ) be orthonormal frames on Σ 1 and Σ 2 respectively, both oriented such that |e 1 | 2 = |v 1 | 2 = 1 and |e 2 | 2 = |v 2 | 2 = −1 and consider an orthonormal frame (E 1 , E 2 , E 3 , E 4 ) of G ǫ defined by
The Ricci curvature tensor Ric
and using the fact Ric ǫ (J., J.) = −Ric ǫ (., .), the scalar curvatute R ǫ is:
If G ǫ is conformally flat, it is scalar flat [5] and thus, from (2.1), the Gauss curvatures κ 1 , κ 2 are constants with κ 1 = −ǫκ 2 .
Conversely, assuming that κ 1 = −ǫκ 2 = c, where c is a real constant and following the same computations with the proof of Theorem 2.2 in [8] , we prove that the self-dual W + and the anti-self-dual part W − of the Weyl tensor vanish and therefore the metric G ǫ is conformally flat.
On the other hand, a direct computation shows that Ric 
In this section, we study Lagrangian immersions in the product Σ 1 ×Σ 2 endowed with the para-kähler structure (G ǫ , J, Ω ǫ ) constructed in section 2. An immersion Φ : S → Σ 1 × Σ 2 of a surface S is said to be Lagrangian if Φ
* Ω ǫ vanishes for every point of S. In this case, the paracomplex structure J : TS → NS is a bundle isomorphism between the tangent bundle TS and the normal bundle NS. It is well known that a Lagrangian immersion of a pseudoRiemannian Kähler manifold is indefinite if the Kähler metric is indefinite. Althought the signature of the para-Kähler metric is always neutral, a Lagrangian immersion can be either Riemannian or indefinite. If π i are the projections of Σ 1 × Σ 2 onto Σ i , i = 1, 2, we denote by φ and ψ the mappings π 1 • Φ and π 2 • Φ, respectively, and we write Φ = (φ, ψ). Definition 1. The immersion Φ = (φ, ψ) : S → Σ 1 × Σ 2 is said to be of projected rank zero at a point p ∈ S if either rank(φ(p)) = 0 or rank(ψ(p)) = 0. Φ is of projected rank one at p if either rank(φ(p)) = 1 or rank(ψ(p)) = 1. Finally, Φ is of projected rank two at p if rank(φ(p)) = rank(ψ(p)) = 2.
Note that the fact that Φ is an immersion, implies that Φ is locally either of projected rank zero, one or two.
Let Φ = (φ, ψ) be of projected rank zero immersion in Σ 1 × Σ 2 . Assuming, without loss of generality, that rank(φ) = 0, the map φ is locally a constant function and the map ψ is a local diffeomorphism. Following the same argument with Proposition 3.2 in [8] , we show that there are no Lagrangian immersions in Σ 1 × Σ 2 of projected rank zero.
In order to discuss Lagrangian surfaces of projected rank one, we need to extend the definition of Cornu spirals for a pseudo-Riemannian two manifold. 
where
Proof. Let Φ = (φ, ψ) : S → Σ 1 × Σ 2 be of projected rank one Lagrangian immersion. Then either φ or ψ is of rank one. Assume, without loss of generality, that φ is of rank one. The nondegeneracy of ω 2 implies that ψ is of rank one and thus S is locally parametrised by Φ :
, where φ and ψ are regular curves in Σ 1 and Σ 2 , respectively. We denote by s, t the arclength parameters of φ and ψ, respectively, such
where k φ and k ψ are the curvatures of φ and ψ, respectively. Moreover, Φ s = (φ ′ , 0) and Φ t = (0, ψ ′ ) and thus
The immersion Φ is flat since the first fundamental form
is given by G ss = ǫ φ , G tt = ǫǫ ψ , and G st = 0. The second fundamental form h ǫ of Φ is completely determined by the following tri-symmetric tensor
We then have h 
and we can see easily that the Lagrangian immersion Φ is G ǫ -minimal if and only if the curves φ and ψ are geodesics. Moreover, if Φ is a G ǫ -minimal Lagrangian it is totally geodesic, since the second fundamental form vanishes identically.
The condition (3.1) for Hamiltonian G ǫ -minimal Lagrangian surfaces of projected rank one, is given by the fact that
and the Proposition follows.
We now prove our next theorem:
Proof of Theorem 2: Let Φ = (φ, ψ) : S → Σ 1 × Σ 2 be a Ω ǫ -Lagrangian immersion of projected rank two. Then the mappings φ : S → Σ 1 and ψ : S → Σ 2 are both local diffeomorphisms. The Lagrangian condition yields
Without loss of generality we consider an orthonormal frame (e 1 , e 2 ) of Φ * G ǫ such that,
, dΦ(e 2 )) = 0.
Note that for ǫ 1 = 1 the induced metric Φ * G ǫ is Riemannian while for ǫ 1 = −1 the induced metric Φ * G ǫ is Lorentzian. Using the Lagrangian condition (3.3), we have
Moreover, the assumption that Φ is of projected rank two, implies that λ 1 µ 2 − λ 2 µ 1 = 0 for every p ∈ S.
For the mean curvature vector H ǫ of the immersion Φ, consider the one form a H ǫ defined by a H ǫ = G ǫ (JH ǫ , ·). Since Φ is a Lagrangian in a para-Kähler 4-manifold
where ρ ǫ is the Ricci form of G ǫ . The fact that Φ has parallel mean curvature vector implies that the one form a H ǫ is closed and thus,
Hence,
Following the same argument with the proof of Theorem 3.5 in [8] , we show that
2 ) = ǫ, and the relation (3.4) becomes
for every p ∈ S, which implies that the metrics g 1 and g 2 can satisfy neither condition (i) nor condition (ii) of the statement and the theorem follows.
We immediately obtain the following corollary: 3 is diffeomorphic to the product dS 2 × dS 2 . The para-Kähler metric G ǫ is invariant under the natural action of the isometry group Iso(AdS 3 , g) (see [1] and [3] ). It is clear by Corollary 2 that every G − -minimal Lagrangian surface immersed in L − (AdS 3 ) is locally the product of two geodesics in dS 2 .
The set of para-complex numbers D is defined to be the two-dimensional real vector space R 2 endowed with the commutative algebra structure whose product rule is
The number (0, 1), whose square is (1, 0), will be denoted by τ. It is convenient to use the following notation: (x, y) ≃ z = x+ τ y. In particular, one has the same conjugation operator than in C, i.e., x + τ y = x − τ y with corresponding square norm |z| 2 := z.z = x 2 − y 2 . In other words, the metric associated to |.| 2 is the Minkowski metric dx 2 − dy 2 . On the Cartesian product D 2 with para-complex coordinates (z 1 , z 2 ), we define the canonical para-Kähler structure (J, G ǫ ) by
We now give a similar result of Dong [7] for Lagrangian graphs in C n , to show that there are G − -minimal Lagrangian surface of rank two in Σ × Σ when (Σ, g) is a flat Lorentzian surface. Proof. If x = (x 1 , x 2 ), the first derivatives of the immersion Φ(
The symplectic structure is Ω − (., .) = G − (J., .). Then Ω − (Φ x1 , Φ x2 ) = 0 and therefore Φ is a Lagrangian immersion. The Lagrangian angle is
Then Φ is G − -minimal if and only if u x1x1 − u x2x2 = 0 and the proposition follows.
The immersion Φ in the Proposition 2 is of rank two at the open subset {(x 1 , x 2 ) ∈ U | u x1x2 = 0}.
We denote by dS 2 the De Sitter 2-space of radius one. Then we prove our next result:
Proof of Theorem 3: If R 1,2 denotes the Lorentzian space (R 3 , , 1 ), we define the Lorentzian cross product ⊗ in R 1,2 by
where u × v is the standard cross product in R 3 and I 1,2 = diag(−1, 1, 1). For u, v, w ∈ R 3 we have
The paracomplex structure j on dS 2 is given by j x (v) := x ⊗ v, where v ∈ R 3 is such that x, v 1 = 0. It can be verified easily that x ⊗ (x ⊗ v) = v.
If h denotes the second fundamental form of the inclusion map i : dS 2 ֒→ R 3 and u, v ∈ T x dS 2 , we have h x (u, v) = − u, v 1 x. We consider the para-Kähler structure (G + , Ω + , J) of the product dS 2 × dS 2 and denote byh the second fundamental form of dS
For an orthonormal frame (v 1 , v 2 ) of dS 2 , oriented such that |v 1 | 2 = −|v 2 | 2 = 1, we consider the following oriented orthonormal frame (E 1 , E 2 = JE 1 , E 3 , E 4 = JE 3 ) of G + defined by
and we prove that the mean curvatureH of the inclusion map of dS
Let Φ = (φ, ψ) : S → dS 2 × dS 2 be a Ω + -Lagrangian immersion with non null parallel mean curvature vector H. Following similar arguments with Theorem 1 of [6] , consider an orthonormal frame (e 1 , e 2 ) with respect to the induced metric such that |e 1 | 2 = ǫ 1 |e 2 | 2 = 1. Then the equation (3.5) becomes, (3.9) |dφ(e 1 )|
By the proof of Theorem 2, we have
where C := λ 2 µ 1 − λ 1 µ 2 =λ 1μ2 −λ 2μ1 and is called the associated Jacobian of the Lagrangian immersion Φ (see [6] and [13] for definitions and further details). Note that the vanishing of the associated Jacobian is equivalent with the fact that the Lagrangian immersion Φ is of projected rank one. From (3.7) and (3.8), the mean curvature vectorH of S in
Since ∇ ⊥ H = 0 together with the Lagrangian condition, implies that ∇JH = 0, where ∇ ⊥ and ∇ denote the normal and tangential part of the Levi-Civita connection of G + . From Theorem 1, we know that G + is Einstein and so there exists locally a function β on S such that JH = ∇β. Thus, using the Boschner formula,
we have that the induced metric g is flat. Furthermore, the normal curvature of Φ vanishes.
It is important to mention that the Boschner formula holds also for pseudo-Riemannian metrics [4] . Let (x, y) be isothermal local coordinates of g, i.e., g = e 2u (dx 2 +ǫ 1 dy 2 ) and let z = x+iy. Note that for ǫ 1 = 1, the variable z is a local holomorphic coordinate, while for ǫ 1 = −1, the variable z is a local paraholomorphic coordinate. A brief computation gives,
From (3.11) we have that Φ zz = e 2u H − Φ/2 /2, and
and thus,Φ z = 2G
It is not hard for one to obtain, (3.13)
Since the normal curvature of Φ vanishes, the Ricci equation yields, (3.14)
.
We now use the Gauss equation to get
, which implies,
and from (3.12), (3.13) and (3.14) we finally obtain C 2 = −4ǫ 1 |u z | 2 e −2u . Since g is flat, it is possible to choose local coordinates (x, y) such that g = dx 2 + ǫ 1 dy 2 , that is, the function u is constant and therefore C = 0. Then Φ is of projected rank one and in particular, it is locally a product of curves with constant curvature such that they cannot be both geodesics.
(H-) Stability of (H-) minimal Lagrangian surfaces
For the stability of G ǫ -minimal Lagrangian surfaces in the para-Kähler structure (Σ 1 × Σ 2 , G ǫ , J, Ω ǫ ), we prove the following theorem:
Proof of Theorem 4: Let Φ : S → Σ 1 × Σ 2 be a G ǫ -minimal Lagrangian surface. By assumption, Φ is of projected rank one and therefore it is locally the product γ 1 × γ 2 of non-null geodesics parametrised by Φ(s, t) = (φ(s), ψ(t)). If (S t ) is a normal variation of S with velocity X ∈ NS, the second variation formula is,
where, A X is the shape operator and R ⊥ (X) := Tr (Y 1 , Y 2 ) → R(Y 1 , X)Y 2 ) .
For X = X 1 JΦ s + X 2 JΦ t , we have,
. Furthermore, G ǫ (A X , A X ) = 0 and a brief computation gives,
The metric G ǫ is of neutral signature and therefore a necessary condition for a minimal surface to be stable is that the induced metric Φ * G ǫ must be Riemannian [2] . This implies that ǫ φ = ǫǫ ψ and hence the second variation formula becomes
and the theorem follows. 
